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Singularities curves in the joint space and in the workspace
The singularities of general 3R manipulators have been derived in [10, 12] . They can be determined by calculating the determinant of the Jacobian matrix [10] , or using a recursive method [12] . For the orthogonal manipulators under study,
i.e. with α 1 , α 2 , a 1 and d 3 equal to -90°, 90°, 1 and 0, the determinant of the Jacobian matrix takes the following form where c i =cos(θ ι ) and s i =sin(θ ι ). A singularity occurs when det(J)=0. Since the singularities are independent of θ 1 , the contour plot of det(J)=0 can be displayed as curves in 2 3 , .
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The singularities can also be displayed in the Cartesian space by plotting the points where the inverse kinematics has double roots [3, 7] . Thanks to their symmetry about the first joint axis, it is sufficient to draw a half cross-section of the workspace by plotting the points ( 2 2 x y ρ = + , z).
Two cases arise:
• if a 2 >a 3 , the first factor of det(J) cannot vanish and the singularities form two distinct curves S 1 and S 2 in the joint space [10] . When the manipulator is in such a singularity, there is line that passes through the operation point and that cuts all joint axes [12 ] . The singularities form two disjoint sets of curves in the workspace.
These two sets define the internal boundary WS 1 and the external boundary WS 2 , respectively, with WS 1 =f(S 1 ) and WS 2 =f(S 2 ). Figure 2 (a) shows the singularity curves when a 2 =2, a 3 =1.5, d 2 =1. For this manipulator, the internal boundary WS 1 has four cusp points, where three IKS coincide [7] . It divides the workspace into one region with two IKS (the outer region) and one region with four IKS (the inner region), which means that this manipulator is quaternary. As shown in section 3, the left and right segments of the internal boundary may cross and define a void when d 2 is decreased; if d 2 is sufficiently small, the internal boundary has no cusp, the region with four IKS is replaced with a void and the manipulator is binary.
• if a 2 ≤a 3 , the operation point can meet the second joint axis whenever θ 3 =±arccos(-a 2 /a 3 ) and two horizontal 
Transition between binary and quaternary manipulators
In this section, we show that the transition between binary and quaternary manipulators is the set of manipulators with a quadruple root of their inverse kinematics. This result is a consequence of a classification work conducted in [13, 14] .
Using Groebner Bases and Cylindrical Algebraic Decomposition, [14] derived the equations of several surfaces that divide the DH-parameters space into 105 domains of manipulators having the same number of cusps in their workspace.
The systematic investigation of the 105 domains and their kinematic interpretation conducted in [13] showed that, (i) all manipulators satisfying a 2 ≤a 3 are quaternary, and (ii) the set of manipulators satisfying a 2 >a 3 is composed of two adjacent domains, one of which being the set of all binary manipulators, the other one being composed of only quaternary manipulators with four cusps like the one shown in Fig. 2(a) . In other words, binary manipulators exist only when a 2 >a 3 and a boundary surface exists that divides the set of manipulators such that a 2 >a 3 into two domains in the parameter space (a 2 , a 3 , d 2 ). Now, we show in Fig. 3 how a quaternary manipulator with four cusps turns binary under the continuous deformation of the internal boundary of its workspace as a 3 is progressively decreased (a 2 =1.5, d 2 =0.5).
In Fig. 3(a) , a 3 =1.1, the manipulator is quaternary and the internal boundary is like in Fig. 2 (a) with four cusps and no void. When a 3 =0.9, the two lateral segments cross. Two nodes appear, which define a void and two separate regions with four IKS (Fig. 3(b) ). The two cusps and the node of each such region get closer to each other as a 3 is decreased (Figs. 3(c) and 3(d)). Then, they merge into one unique point with four coincident IKS (the region with four IKS is reduced to one point) and, finally, disappear and the manipulator turns binary (Fig 3(e) ). Thus, the transition between a quaternary manipulator and a binary manipulator is characterized by the existence of a pair of four coincident IKS. 
Existence condition of a point with four IKS
To get the equation of the separating surface, we derive the existence condition of a point with four IKS. This can be done with the fourth-degree inverse kinematics univariate polynomial in t=tan(θ 3 /2). The fourth-degree inverse kinematics polynomial of 3R manipulators was derived in [3] . It can be set in the form
and C 4 are functions of 2 2 x y ρ = + , z and the DHparameters [3] . For the orthogonal manipulators under study, i.e. α 1 , α 2 , a 1 and d 3 equal to -90°, 90°, 1 and 0, respectively, C 0 , C 1 , C 2 and C 4 can be written as: 
We need to eliminate the Cartesian coordinates x, y and z in order to write a condition on the DH-parameters only. Thus, V and R must be eliminated. This task is performed using computer algebra tools [11] . Such tools are available in symbolic commercial softwares. We have used the Maple function resultant. First, R is eliminated from (1) and (3). This yields a fourth-degree polynomial in V. Then, R is eliminated from (2) and (3). We get a third-degree polynomial in V.
Finally, V is eliminated from the aforementioned two polynomials. The resulting polynomial is:
where Q 1 , Q 2 and Q 3 are polynomials in a 2 , a 3 and d 2 : 2  2  2  3  2  2  3  3  2  3  2  3  2  3  2  3  2  3  2 
Note : we would have obtained exactly the same equations for d 3 ≠0. In effect, it turns out that, when d 3 ≠0, coefficients C 0 , C 1 , C 2 and C 4 have the same expressions as function of V and R. This is because d 3 appears only in V (more
). Since V eliminated in Eqs. (1-3) , the resulting condition does not change. Thus, the condition for a manipulator to have four equal IKS is independent of d 3 .
Separating surface and the necessary and sufficient condition
Since elimination may generate spurious solutions [11] , solutions of (4) (8) 2  2  4  2  2  4  2  3 2  3 2  3 2  2  3 2  3 2  3 2  2  3 2  3 2  2  2  2  3  2   4  2  6  2  2  2  4  3  3  2  3  2  3  2   3  2  2  2  3 
Comparing Eqs. (8-11) with Eqs. (4-7) show that Eq. (5), i.e. Q 1 =0, is the same as Eq. (9). On the other hand, Eqs. (6) and (7) are different from Eqs. (8), (10) and (11). Thus, the only valid solution is Q 1 =0. This equation can be put in an explicit form. In effect, this is a second-degree polynomial in a 3 2 . Solving this quadratics for a 3 yields the equations of two regular surfaces given by the following two explicit equations: and   2  2  2  2  2  2  2  2  2  2  2  3 2 2 (Fig. 4(c) ), the two graphs intersect and (13) (Fig. 5a ). These manipulators were chosen such that (1) and (2) are separated by (13), and (2) and (3) are separated by (12). Figure 5b shows the workspace of the three test manipulators. Manipulators (1) and (2) are binary whereas (3) is quaternary
For verification purposes, we have written a procedure that plots all binary manipulators by scanning the parameter space. The procedure checks the existence of a cusp point in a cross section of the workspace: it scans the internal boundary and checks the existence of a triple root of the inverse kinematics polynomial [3] . If there is no cusp and if a 3 < a 2 , the manipulator is binary and a mark is plotted. As soon as a cusp is found, no mark is plotted and next manipulator is checked. Figure 6 depicts the resulting plots in the same sections as in Fig. 4 
If a 1 =0 or a 2 =0 or a 3 =0, the manipulator is quaternary [9] . If d 2 =d 3 =0, the manipulator is quaternary if and only if, a 1 ≠a 2 and the link lengths do not satisfy a 1 >a 2 >a 3 [10] . 
Conclusion and discussion
A necessary and sufficient condition for an orthogonal manipulator to be quaternary, i.e., to have four distinct inverse kinematic solutions, was established as an explicit expression in the DH-parameters. An orthogonal manipulator given by its four strictly positive DH-parameters 1 2 3 2 , , , a a a d is quaternary if and only if, 2  2  2  2  2  2  2  2  2  2  1  2  2  3  2  2  2  2  2  2  2  1  2  2 and can be assessed easily when designing a new manipulator regional structure. This condition was confirmed numerically by scanning the parameter space. To the authors' knowledge, this condition was never found before. Figure 7 shows the separating surface in the normalized parameter space ( 2 3 2 , , a a d are divided by a 1 ). The surface is flat
